In this paper, we construct a base change lifting for an APF extension of a mixed characteristic local field.
Introduction
Let p be a prime number. In this paper, we shall construct a local base change lifting for an almost pro-p cyclic extension of infinite degree. The point is that the local base change lifting for a totally ramified extension coincides with an operation coming from the close local fields theory of Kazhdan under some conditions.
We state the result more precisely. For a local field L with a finite residue field, we denote by A (GL N (L)) the set of isomorphism classes of irreducible smooth representations of GL N (L) over C. We denote the Weil group of L by W L . We recall that an L-parameter of GL N (L) is a group homomorphism φ : W L × SL 2 (C) → GL N (C) such that φ| WL is semi-simple and smooth and φ| SL2(C) is algebraic. Let Φ(GL N (L)) denote the set of isomorphism classes of L-parameters of GL N (L). We note that Φ(GL 1 (L)) is equal to the set Hom(L × , C × ) of smooth characters of L × . We denote by LLC L the local Langlands correspondence of GL N over L, whose existence was firstly proven by [10] for L of positive characteristic and by [7] for L of characteristic zero. Let F be a finite extension of Q p and E an APF extension of infinite degree, in particular an almost pro-p extension. Let F ∞ be the field of norms associated with E/F . We denote by Res ∞/0 the restriction map Φ(GL N (F )) → Φ(GL N (F ∞ )) with respect to the natural injection W F∞ ֒→ W F . Theorem 1.1. Suppose that the extension E/F is cyclic. Then we can construct a map BC ∞/0 : A (GL N (F )) → A (GL N (F ∞ )) such that the following We denote by Rep(GL N (L)) the category of admissible smooth representations of GL N (L) and by Rep l (GL N (L)) the full subcategory of Rep(GL N (L)) consisting of representations generated by their K l (L)-fixed vectors.
We fix an algebraic closure F of E. For any real number v ≥ −1, we denote by Gal(F /F ) v the v-th ramification group in upper numbering. Let b 1 < b 2 < · · · be the ramification breaks of E/F . We put
For a real number u ≥ 0, we define
We take a non-decreasing sequence of non-negative integers {l n } ∞ n=1 satisfying the following:
Then we have a theorem that Rep(GL N (F ∞ )) can be obtained by taking the limit of certain subcategories of Rep(GL N (F n )): Theorem 1.2. For any indices 1 ≤ n < m ≤ ∞, there exists a natural equivalence of categories
We also denote by A m/n the bijection
induced by the equivalence A m/n . Then we can take the direct limit of {A ∞/n } n :
which is also bijective.
Next, we shall prove that A m/n coincides with the base change lifting. For a cyclic extension F ′ /F of prime degree, let
be the base change lifting in the sense of [1, Chapter 1, Section 6]. For a general cyclic extension F ′ /F of finite degree, we define BC F ′ /F as the composite of the base changes attached to intermediate exetnsions of F ′ /F of prime degree. In particular, we write BC Fm/Fn = BC m/n . We denote by A l (GL N (F )) the subset of A (GL N (F )) consisting of representations which have a non-trivial
In the rest of this section, we suppose that E/F is cyclic. We put Γ = Gal(E/F ) and denote by Γ the group of smooth characters of Γ with valued in C × . By local class field theory, we identify an element of Γ with a character
satisfying the condition (L) and such that there exists a positive integer n 0 such that l
coincides with the base change lifting BC m/n = BC Fm/Fn .
(ii) For any π ∈ A (GL N (F )), there exists an integer n ≥ 0 such that
Now we can construct the base change lifting BC ∞/0 of infinite degree. Definition 1.4. We define
by mapping π to A ∞/n • BC n/0 (π), where the n is as in Theorem 1.3 (ii). Furthermore, we study the structure of the fibers of BC ∞/0 . Now we recall the Langlands sum following the exposition of [7, Chapter 1] . We take a partition (N 1 , . . . , N r ) of N . Let π i ∈ A (GL Ni (F )) be an essentially square-integrable representation for each 1 ≤ i ≤ r. Let s i be the real number such that | · | si is the absolute value of the central character of π i . We reorder π 1 , . . . , π r so that N −1
r s r . We denote by P (N 1 , . . . , N r ) the standard parabolic subgroup of GL N (F ) whose Levi component is GL N1 (F )×· · ·×GL Nr (F ). Then the normalized induction n-Ind
has a unique irreducible quotient, which we denote by π 1 ⊞ · · · ⊞ π r and call the Langlands sum of π 1 , . . . , π r . Each π ∈ A (GL N (F )) can be written as a Langlands sum and the π 1 , . . . , π r are uniquely determined up to a permutation. Theorem 1.6. Let the notations and assumptions be as in Theorem 1.3. We suppose that (p, N ) = 1.
We put
has a natural Γ-torsor structure and the map
which maps π ′ to its central character ω π ′ is bijective.
(ii) Let π be any element of A (GL N (F )). We suppose that p > N . We can write
is an essentially square-integrable representation for each 1 ≤ i ≤ r, and η i,j is an element of Γ for each
As a homogeneous space of Γ(π), this is isomorphic to
Here, for (η 1 , . . . , η µ ) ∈ Γ µ , we denote by Γ(η 1 , . . . , η r ) the quotient of Γ µ by the following equivalence relation: Two elements (ξ 1 , . . . , ξ µ ) and
Remark 1.7. We denote the local reciprocity map of F by rec F : W F → F × . For φ ∈ Φ(GL N (F )), let χ φ denote the determinant character of φ. If p > N , then Theorem 1.6 shows that, using LLC F∞ , we can characterize LLC F as a map which makes the diagram
commute and has the following properties:
• a Steinberg representation St m (σ) maps to the outer tensor product
where Std is the standard representation of SL 2 (C), and
• a Langlands sum maps to the corresponding direct sum.
Key lemmas
In this section, we prove an important lemma, which is a statement in Galois side corresponding to Theorem 1.3 (i) in the automorphic side. This is a compatibility of the restriction functor of Galois groups with respect to a finite totally ramified extension and Deligne's theory of close fields ( [5] ). We recall Deligne's theory. Let K be a local field with a finite residue field and l a positive integer. We denote the ring of integers of K by O and the maximal ideal of O by p. We denote by Tr l (K) the triple (O/p l , p/p l+1 , ε) attached to K, where ε is the composite of the natural maps
l denote the category of finite separable field extensions
Then we can construct a natural equivalence of categories 
, we obtain an equivalence of categories
Now let L ⊂ K be a finite totally ramified extension of K. We have
[13, 1.1.2]. We denote by i(L/K) the largest i satisfying
On the other hand, we have a functor Ext(K) → Ext(L) which maps an extension
l , then by the equalities (2), we have
l . Now we can prove the following lemma:
induced by N L/K coincides with the homomorphism which comes from the nat-
Proof. We take a Galois object
Let r denote the ramification index of
Hence we obtain inequalities
Hence
, which makes the diagram
follows from the diagram (3).
For any real number l ≥ 0, we define
By Lemma 2.1, we obtain the first key lemma:
Lemma 2.2. Let K be a local field with a finite residue field and L a finite totally ramified extension of K. Then, for any l < (2p)
coincides with the map
3 Proof of Theorem 1.2
In this section, we prove Theorem 1.2. For this, we recall two ingredients. One is an equivalence of Rep l (GL N (L)) and the category of representations of some Hecke algebra, where L is a local field with a finite residue field. The other is Kazhdan's theory of close local fields [9] . We denote by H l (GL N (L)) the algebra of compactly supported K l (L)-biinvariant functions on GL N (L) with values in C whose product is the convolution * l with respect to the Haar measure µ GLN (L),l on GL N (L) normalized by
gives an equivalence of categories
By using this, we can prove the following:
commute, where the two vertical arrows are the equivalences in Lemma 3.1 and the top horizontal arrow is a natural injection.
Proof. The following proof is similar to that of [4, Corollaire 3.9 (ii)]. Throughout this proof, we put
Note that the C-vector space H m * m e l has an H m -H l -bimodule structure via
is a well-defined left H m -module homomorphism. It suffices to show that this is an isomorphism. This is surjective since π is an object of Rep l (G). We denote by N the kernel of the above homomorphism. Now let Mod l (H m ) denote the full subcategory of Mod(H m ) consisting of objects W which are generated by e l * W . Then the equivalence of categories of Lemma 3.1 induces that of Rep l (G) and Mod l (H m ). This equivalence and Lemma 3.1 imply that the latter is equivalent to Mod(H l ) and stable by sub-quotient. Since H m * m e l and V Km are object of Mod l (H m ), so is N . In addition, there is no non-trivial vectors on N which is fixed by the left action of e l . Therefore N = 0 and the above homomorphism is an isomorphism.
Next we recall Kazhdan's theory. Let In this section, we prove Theorem 1.3.
Let F be a mixed characteristic local field. We denote the local Langlands correspondence for GL N over F by
Let F 1 and F 2 be local fields with finite residue fields which are l-close. We choose a datum β = (α, ̟ 2 , ̟ 1 ) as in Kazhdan's theory. Then we obtain Kazhdan's correspondence β * :
). Moreover, from β we can canonically define an isomorphism of triples γ : Tr l (F 2 ) → Tr l (F 1 ). The following compatibility of β * with γ * via the local Langlands correspondence was proved by Aubert, Baum, Plymen and Solleveld in their preprint [2] . 
Then the following diagram is commutative:
Hence, by Lemma 2.2, the map N * Fm/Fn coincides with the map induced by the restriction W Fm ֒→ W Fn . Since the latter map is compatible with BC m/n via LLC, we have completed the proof.
Next we show Theorem 1.3 (ii). By the local Langlands correspondence and Theorem 4.1, this is also reduced to showing the corresponding assertion on Galois representations. Thus we shall show that for any φ ∈ Φ(GL N (F )) there exists n such that φ| WF n ∈ Φ l ′ n (GL N (F n )). Take any φ ∈ Φ(GL N (F )). Then we have φ ∈ Φ l (GL N (F )) for some l. By the equality (2) in Section 2, we have
5 Proof of Theorem 1.6
Finally, we prove Theorem 1.6. First, we show (i) for a supercuspidal π. We put π ∞ = BC ∞/0 (π). The fiber BC
where π ′ ∈ BC −1 ∞/0 (π ∞ ) and η ∈ Γ. We shall show that this action is simply transitive. The assumption (p, N ) = 1 shows that the Γ-action is simple. Let us prove the transitivity. We take any π ′ ∈ BC −1 ∞/0 (π ∞ ). By Theorem 1.3 (ii), we can take an integer n such that both BC n/0 (π) and BC n/0 (π ′ ) belong to A ln (GL N (F n )). Since BC ∞/0 = A ∞/n • BC n/0 and A ∞/n is injective, we have BC n/0 (π) = BC n/0 (π ′ ). It suffices to show that there exists a smooth character η :
We show this by induction on n. The case n = 1 is [1, Chapter 1, Proposition 6.7]. We assume that the assertion holds for n − 1. By the case n = 1, we can find a smooth character η 1 :
Thus we obtain η
Hence we have BC n−1/0 (π ′ ) ≃ BC n−1/0 (π ⊗ η 
